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Tensor decompositions facilitate reduction and analysis of 
high-dimensional data
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(image credit: NASA)

Terrain identification in 
hyperspectral image data

(lat × lon × channel)

Compression of scientific data
(x	×	𝑦	×	𝑧	×𝑣	×	𝑡)

(image credit: J. Shadid)

shown in Figure 1. Panels (a)-(d) show the co-kurtosis metric M for AMR blocks in each level of

refinement colored by value, from blue (M = 0) to red (M = 0.8). Higher values of M correspond

to higher probability of finding anomalies. A more detailed view of the highest AMR level of

refinement (level 6) can be seen in figure 2 for one of the jets. Here, the co-kurtosis algorithm is

used to identify the formation of incipient ignition kernels in combustion problems, which may be

used to steer AMR refinement or adaptive I/O.

FIG. 1. Simulation of direct injection of four jets of prevaporized n-dodecane fuel-air mixture into a

methane-air mixture in an internal combustion engine cylinder. The domain of size Lx⇥Ly⇥Lz =

2.8 cm⇥ 2.8 cm⇥ 0.7 cm is discretized using 60.2 Billion cells. (a) Co-kurtosis metric M for AMR

blocks in third level of refinement, colored by value (from blue to red); (b) Same as panel b but

for the forth level of refinement; (c) Same as panel b but for the fifth level of refinement; (d) Same

as panel b but for the sixth level of refinement. Note: Figures were produced a posteriori using

Python and Paraview.
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Ignition detection in combustion data
(x	×	𝑦	×	𝑧	×𝑣	×	𝑡)

Intrusion detection in cyber data
(src IP × src port × dst IP × dst port × time)

Neural activity
(neuron × time × trial)

Compression of training data in AI
(x-pixel × 𝑦-pixel × image)

(image credit: pixabay)
(image credit: pixabay)

(image credit: pixabay)
(image credit: Pele/ECP)



Basic Definitions

Terminology:
◦ Mode:  a dimension of  the tensor, e.g., a 3-way tensor 

has 3 modes
◦ Fiber:  hold all but one index fixed, e.g., 𝓧(𝑖, : , 𝑘)
◦ Slice: Fix a single index, e.g., 𝓧(𝑖, : , : )

Matricization:
◦ Reshaping a tensor into a matrix
◦ Mode-n matricization 𝑿(")	:  mode-n fibers become 

columns

Khatri-Rao Product:
◦ Column-wise Kronecker product of  matrices
◦ 𝑨 = [𝑨$⋯𝑨%] ∈ ℝ&!×% , 𝑩 = [𝑩$⋯𝑩%] ∈ ℝ&"×% , 
◦ 𝑪 = 𝑨⨀𝑩 = [𝑨$⊗𝑩$⋯𝑨%⨂𝑩%] ∈ ℝ&!&"×%
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(a) Mode-1 (column) fibers: x:jk (b) Mode-2 (row) fibers: xi:k (c) Mode-3 (tube) fibers: xij:

Fig. 2.1 Fibers of a 3rd-order tensor.

(a) Horizontal slices: Xi:: (b) Lateral slices: X:j: (c) Frontal slices: X::k (or Xk)

Fig. 2.2 Slices of a 3rd-order tensor.

A. The inner product of two same-sized tensors X, Y ∈ RI1×I2×···×IN is the sum of
the products of their entries, i.e.,

〈X, Y 〉 =
I1∑

i1=1

I2∑

i2=1

· · ·
IN∑

iN=1

xi1i2···iN yi1i2···iN .

It follows immediately that 〈X, X 〉 = ‖X ‖2.

2.1. Rank-One Tensors. An N -way tensor X ∈ RI1×I2×···×IN is rank one if it
can be written as the outer product of N vectors, i.e.,

X = a(1) ◦ a(2) ◦ · · · ◦ a(N).

The symbol “◦” represents the vector outer product. This means that each element
of the tensor is the product of the corresponding vector elements:

xi1i2···iN = a(1)
i1

a(2)
i2

· · · a(N)
iN

for all 1 ≤ in ≤ In.

Figure 2.3 illustrates X = a ◦ b ◦ c, a third-order rank-one tensor.

2.2. Symmetry and Tensors. A tensor is called cubical if every mode is the same
size, i.e., X ∈ RI×I×I×···×I [49]. A cubical tensor is called supersymmetric (though

Mode 1, 2, and 3 fibers*
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Mode 1, 2, and 3 slices*

Mode 1 matricization
*From T. Kolda and B. Bader, Tensor Decompositions and Applications, SIREV, 2009. 

https://epubs.siam.org/doi/10.1137/07070111X


Canonical Polyadic (CP) Tensor Decomposition4

CP Model Sum of 𝑅 Outer Product Tensors

≈ defined by

Data Factor Matrices

Model Rank

Order sum with decreasing 𝜆

Vectors comprising each factor describe patterns in the data
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Computing CP Decompositions5

Repeat until convergence…
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Using… Repeat until convergence…
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C = [c1 . . . cR ]Workhorse algorithm is Alternating Least Squares (CP-ALS):

But there are many others (e.g., full Newton, quasi-Newton, nonlinear least squares, …)

CP Model Sum of 𝑅 Outer Product Tensors

≈ defined by

Data Factor Matrices
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Generalized CP (GCP) Tensor Decomposition Allows Flexible Loss 
Function
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Example Loss Functions

Poisson (𝑥 ∈ ℕ,𝑚 > 0)

Bernoulli (𝑥 ∈ 0,1 ,𝑚 > 0)

Normal (𝑥,𝑚 ∈ ℝ)

𝛽-divergence (𝑥 > 0,𝑚 > 0, 𝛽 = $
(
)

Developed through SNL LDRD, FY17-19, PI: Tammy Kolda.
Hong, Kolda, Duersch, Generalized Canonical Polyadic Tensor Decomposition, SIREV 2020.
Kolda and Hong, Stochastic Gradients for Large-Scale Tensor Decomposition, SIMODS 2020.
Phipps and Kolda, Software for Sparse Tensor Decomposition on Emerging Computing Architectures, SISC 2019. 
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https://epubs.siam.org/doi/10.1137/18M1203626
https://epubs.siam.org/doi/10.1137/19M1266265
https://epubs.siam.org/doi/10.1137/18M1210691


Fitting GCP Model17

Lose the least-squares structure underlying ALS-type algorithms.  Instead pursue gradient-based optimization approach.

Define tensor Y such that 

Then gradient of  objective function given by

Unfortunately, Y is in general dense, even when X is sparse, making gradient-based optimization infeasible for large, sparse X.  

Instead, employ Stochastic Gradient Descent (SGD)-type algorithms where Y is only randomly sampled
◦ ADAM stochastic optimization method
◦ Specialized sampling methods for sparse tensors that sample both zeros and nonzeros

y(i1, . . . , id) = yi =
@f

@m
(xi ,mi )
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MTTKRP!

1Kolda and Hong Stochastic Gradients for Large-Scale Tensor Decomposition, SIMODS, 2020.

https://epubs.siam.org/doi/10.1137/19M1266265


ArXiv Abstract Data

Kaggle provides metadata for ArXiv abstracts that is regularly 
updated
◦ https://www.kaggle.com/datasets/Cornell-University/arxiv 
◦ Publication date, going back to first paper backdated to 1986
◦ Paper category (e.g., cs.LG:Machine Learning)
◦ Abstracts text

Process abstracts into unique words using Spacy’s English core 
parser
◦ https://spacy.io/ 
◦ Resulted in ~25K unique words

For each month, construct 2-way tensor (matrix):
◦ Mode 1: Paper category
◦ Mode 2: Word
◦ Value: Number of  abstracts of  the given category containing the given 

word

Collection of  matrices for each month since start-date forms a 
sparse 3-way tensor
◦ Start date is 10 years after first paper (1986) to allow for sufficient volume
◦ 172 × 24558 × 300, ~2.4% sparsity
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Phipps, Johnson, Kolda, Streaming Generalized Canonical Polyadic Tensor Decompositions, In PASC’23, 2023.

https://www.kaggle.com/datasets/Cornell-University/arxiv
https://spacy.io/
https://dl.acm.org/doi/10.1145/3592979.3593405
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Top 15 (of 50) ArXiv GCP Factors (Poisson Loss)
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Top Categories Category Weight Top Words Word Weight
astro-ph 1.00 find 1.00

model 1.00
present 0.97

use 0.94
star 0.92
high 0.92

result 0.92
galaxy 0.85

observation 0.77
large 0.77

observe 0.75
mass 0.72

datum 0.69
low 0.68

study 0.67
ray 0.64

emission 0.64
time 0.62

spectrum 0.62
field 0.60

Component #1 (of 50): Astrophysics
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Top Categories Category Weight Top Words Word Weight
astro-ph.GA 1.00 find 1.00
astro-ph.HE 0.90 galaxy 0.94
astro-ph.CO 0.88 model 0.90
astro-ph.SR 0.15 high 0.85

use 0.85
star 0.75
large 0.72
mass 0.72
result 0.71

present 0.70
observation 0.69

observe 0.64
study 0.63
ray 0.62

datum 0.62
emission 0.61

low 0.60
energy 0.56

spectrum 0.55
source 0.54

Component #4 (of 50): Astrophysics Reorganized
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Top Categories Category Weight Top Words Word Weight
cs.LG 1.00 propose 1.00
cs.CV 0.75 use 0.93
eess.IV 0.35 learn 0.89
eess.SP 0.27 model 0.85
cs.RO 0.25 method 0.81
eess.SY 0.24 network 0.77
math.OC 0.12 base 0.75
eess.AS 0.12 paper 0.74

result 0.73
train 0.65

datum 0.65
performance 0.60

approach 0.59
state 0.56

dataset 0.56
neural 0.52
deep 0.51

problem 0.49
achieve 0.49

demonstrate 0.48

Component #3 (of 50): Computer Vision/Machine Learning
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Top Categories Category Weight Top Words Word Weight
quant-ph 1.00 quantum 1.00

state 0.71
system 0.53

use 0.51
result 0.36

classical 0.33
time 0.32

measurement 0.30
entanglement 0.30

qubit 0.30
present 0.29

information 0.29
non 0.27

study 0.26
single 0.26
base 0.25

photon 0.25
propose 0.24
provide 0.23

case 0.23

Component #6 (of 50): Quantum Physics



GenTen :  Software for Generalized Canonical Polyadic Tensor 
Decompositions
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GenTen :  Software for Generalized Canonical Polyadic Tensor 
Decompositions1

◦ Started in 2017 through Sandia LDRD
◦ HPC-oriented toolbox for CP decompositions
◦ CP-ALS, CP-OPT, GCP-OPT, GCP-SGD, OnlineGCP
◦ Supports both sparse and dense tensors

Targeted at extreme-scale architectures
◦ Distributed memory parallelism via MPI
◦ Shared memory parallelism via Kokkos

◦ Multicore CPUs (OpenMP, pThreads)
◦ NVIDIA (CUDA), AMD (HIP) and Intel (SYCL) GPUs 

◦ First (and I believe still only), performance-portable CP decomposition tool!

Callable from Matlab and Python
◦ Integrates with Matlab2 and Python3 Tensor Toolboxes
◦ Manipulate/analyze tensor data but call GenTen HPC decomposition algorithms

1https://github.com/sandialabs/GenTen
2https://www.tensortoolbox.org/
3https://github.com/sandialabs/pyttb 

https://github.com/sandialabs/GenTen
https://www.tensortoolbox.org/
https://github.com/sandialabs/pyttb


Software Architecture

Predominantly C++-17 code with CMake build system

Mandatory dependencies:
◦ Kokkos:  performance portability
◦ Kokkos-Kernels:  performance portable dense BLAS/LAPACK
◦ JSON/JSON-Validator:  JSON-based input file
◦ GoogleTest:  Test harness
◦ Pybind11:  Python interoperability
◦ L-BFGS-B:  Limited Memory BFGS Quasi-Newton optimization solver (serial, CPU only)

All of  these are snapshotted into the GenTen repo using git-subtree and integrated into the CMake build
◦ Makes it much easier for users to compile without having to download, build, and install dependencies (users only need a compiler, 

CMake, and BLAS/LAPACK)
◦ Can also link to externally compiled Kokkos and/or Kokkos-Kernels to support library use-cases

Optional Trilinos dependencies:
◦ Tpetra:  Distributed parallelism
◦ ROL:  Optimization-based CP decompositions
◦ Teuchos:  Stacked timer
◦ SEACAS:  For reading tensors from Exodus files
◦ Can also be used to provide Kokkos and/or Kokkos-Kernels
◦ Can pull in Trilinos configure information (compilers, flags, TPLs, etc…) for consistent build and no duplication of  settings

15

https://github.com/kokkos/kokkos
https://github.com/kokkos/kokkos-kernels
https://github.com/nlohmann/json
https://github.com/pboettch/json-schema-validator
https://github.com/google/googletest
https://github.com/pybind/pybind11
https://github.com/stephenbeckr/L-BFGS-B-C


Performance Portability with Kokkos*

Performance dominated by MTTRKP computation
◦  
◦ Coordinate-based sparse tensor storage format
◦ Row-based factor matrix storage

MTTKRP hierarchical parallelism
◦ Parallelize over nonzeros across thread-teams
◦ Parallelize over factor matrix columns within a thread-team
◦ Atomic writes to resolve thread race conditions (Can now also 

do thread privatization)

MTTKRP algorithms
◦ A:  Kokkos scratch pad arrays for accumulating factor matrix 

contributions
◦ B:  Store factor matrix contributions in registers through 

“compile-time polymorphic arrays”
◦ C:  Compute permutation arrays to re-order nonzero loop to 

reduce atomic contention

16

*Phipps and Kolda, Software for Sparse Tensor Decomposition on Emerging Computing Architectures, SIAM SISC, 2019.

MTTKRP Performance as Percentage of Peak Bandwidth

Synthetic data tensor, 30K x 40K x 50K, 10M,  non-zeros

Architectures
◦ HSW (OpenMP):  Intel Xeon E5-2698v3 CPU, 2.3 GHz, 64 threads
◦ KNL (OpenMP):  Intel Xeon Phi 7250, 256 threads, 16 GB HBM in 

cache mode
◦ K80 (Cuda):  Nvidia Kepler K80 GPU, 12 GB GDDR5
◦ P100 (Cuda):  Nvidia Pascal P100 GPU, 16 GB HBM

V = X(1)(C �B) =) v(i, l) =
X

(i,j,k)2N (X)

x(i, j, k)b(j, l)c(k, l), l = 1, . . . , R

<latexit sha1_base64="i7cqLGLU6ixMzjdhsmnBOHaxvXA="></latexit>

https://epubs.siam.org/doi/10.1137/18M1210691


Performance on Real Tensors*

Compare best GenTen MTTKRP to SPLATT 
(CPU/KNL) and ParTI! (GPU)

◦ SPLATT:  Shaden Smith et al, 
◦ Compressed Sparse Fiber (CSF) storage format (Smith and Karypis, 2015)
◦ Use default 2 CSF modes

◦ ParTI!:  J. Li et al
◦ Only works with order-3 and order-4 tensors
◦ Requires double-precision atomics (no K80)

Comparable performance to state-of-the-art 
implementations while retaining performance portability

SPARSE TENSOR DECOMPOSITION ON EMERGING ARCHITECTURES 19

Name Order Dimensions Nonzeros

LBNL 5 1.6K⇥ 4.2K⇥ 1.6K⇥ 4.2K⇥ 868K 1.7M
Uber 4 183⇥ 24⇥ 1.1K⇥ 1.7K 13M
Enron 4 6.0K⇥ 5.7K⇥ 244K⇥ 1.2K 54M
VAST 5 165K⇥ 11K⇥ 2⇥ 100⇥ 89 26M
NELL2 3 12K⇥ 9.1K⇥ 29K 77M

Delicious3 3 532K⇥ 17M⇥ 2.5M 140M

(a) Real-world tensor data sets from FROSTT.

Arch. Method LBNL Uber Enron VAST NELL2 Delicious3

HSW MTTKRP-B 16.6 8.3 45.7 284.0 42.8 48.5
MTTKRP-C 0.4 0.3 5.7 6.3 7.0 18.2
SPLATT-M 0.8 0.2 1.1 26.1 1.3 13.7
SPLATT-T 0.5 1.6 10.4 3.8 1.4 31.6
DFacTo – – – – 34.6 338.3

KNL MTTKRP-B 41.2 9.2 108.0 1910.0 82.4 77.8
MTTKRP-C 0.4 0.2 2.8 16.1 3.2 10.0
SPLATT-M 2.0 1.2 2.6 150.5 9.0 16.5
SPLATT-T 1.0 5.1 41.3 6.5 15.6 97.2
DFacTo – – – – 47.4 370.2

K80 MTTKRP-B 72.4 5.6 218.0 2010.0 55.2 30.7
MTTKRP-C 0.5 0.5 9.4 7.4 11.6 –

P100 MTTKRP-B 0.4 0.2 2.0 4.1 1.6 2.9
MTTKRP-C 0.1 0.1 1.7 1.5 1.8 7.0

ParTI! – 0.3 1.9 – 1.5 2.8

(b) Total MTTKRP time (in seconds) for ten iterations with R=16 for each data
tensor, architecture, and method. Due to the increased storage requirements of
the permuted approach, global memory was exhausted for MTTKRP-B for the
Delicious3 tensor on the K80 architecture. DFacTo implements MTTKRP only

for 3-way tensors, and ParTI! implements MTTKRP only for 3- or 4-way tensors.

(c) Speedup of the best GenTen MTTKRP method
over the best SPLATT, DFacTo and ParTI! methods.

Fig. 8: Results on real-world tensor data sets.

This manuscript is for review purposes only.

*Phipps and Kolda, Software for Sparse Tensor Decomposition on Emerging Computing Architectures, SIAM SISC, 2019.

FROSTT Data Tensors
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https://epubs.siam.org/doi/10.1137/18M1210691
https://frost.io/


Distributed Parallelism with Tpetra

All approaches uses geometric “medium-grained” partitioning of  the tensor
◦ Supports cartesian MPI sub-communicators

GenTen “All-reduce” approach
◦ Factor matrices for each dimension distributed across corresponding “fiber” sub-

communicator
◦ Factor matrices replicated across “slice” sub-communicator
◦ Each processor already has all the data it needs for its local MTTKRP
◦ Global update is just an all-reduce across slice communicator
◦ Dense update regardless of  sparsity

GenTen “Tpetra” approach
◦ Uniform distribution of  factor matrices across all processors
◦ Sparse, 2-sided point-to-point communication to import needed off-processor factor 

matrix rows for local MTTKRP
◦ Similar 2-sided export to send local MTTKRP contributions to owning processors
◦ Communication pattern depends on sparsity pattern of  the tensor (and thus must be 

updated each GCP step)

GenTen “2-sided” approach
◦ Similar to Tpetra approach but implemented natively in GenTen
◦ Factor matrices distributed across all processors, but conformal to geometric 

partitioning
◦ Leverages cartesian structure by replacing point-to-point with slice-communicator all-

to-all in import/export

18
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19 GCP Performance on FROSTT Amazon-Reviews Tensor

Communication costs for All-reduce approach are essentially constant

Costs grow for Tpetra/2-sided approach as number of  samples increase

Some reduction in communication costs by leveraging cartesian structure
◦ Can this be done in Tpetra

1
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GCP Epoch Time for Amazon Tensor
(4.8M x 1.7M x 1.8M, 1.7B nonzeros)

All-reduce Tpetra Two-sided

CPU (AMD Zen3):  20 Nodes, 28 MPI ranks/node GPU (NVIDIA A100):  20 Nodes, 1 MPI rank/node

http://frostt.io/tensors/amazon-reviews/


Physics-Informed Tensor Decompositions for Reduction of Scientific Data

Motivation
◦ Sandia simulations and experiments generate voluminous multidimensional 

data
◦ Tensor decompositions (akin to matrix factorizations such as PCA for 2-D 

data) are a powerful mechanism for reducing multidimensional data
◦ Existing approaches facilitate massive compression, but don’t preserve 

important physical Quantities of  Interest (QoIs) or invariants (e.g., 
conservation laws)

◦ Sandia needs algorithmic techniques and software implementations suitable 
for extreme-scale scientific data and computing architectures

PhITed:  In Situ Data Analysis Through Physics-Informed Tensor 
Decompositions 
◦ FY23-25 CIS LDRD, E. Phipps (PI), D. Dunlavy, H. Kolla, J. Shadid
◦ Developing new goal-oriented approaches that directly target given 

QoIs/invariants while also maintaining overall reconstruction error

Key technologies to make this practical for real scientific applications:
◦ ROL for efficient and scalable optimization
◦ Sacado for goal gradients/hessian-vector products

(a) MHD plasma physics simulation data relevant for tokamak fusion (3-D island 
coalescence). (b) Least-squares error versus compression rate comparing tensor methods 
(CP, HOSVD) with state-of-the-art matrix-based (PCA) and floating-point based (ZFP) 
methods, demonstrating superiority of tensor-based methods. (c) Several relevant energy 
QoIs for the original and CP-compressed (~10,000x) MHD data, demonstrating substantial 
error in these QoIs for the compressed data. (d) Improved energy QoIs for goal-oriented CP 
tensor compression with no loss in overall reconstruction accuracy or reduction in 
compression ratio.

(a) (b)

(c) (d)

<latexit sha1_base64="KGU3zqWJ6ReWUCZwwbVL1Ktzydo="></latexit>
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s.t. M is of CP/Tucker form
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Python Interoperability

GenTen provides python wrappers through pybind11 called pygenten
◦ GenTen tensor classes and decomposition routines callable from within python
◦ Thanks to Kim Liegeois for prototyping this capability!
◦ Works with all Kokkos backends supported by GenTen (OpenMP, CUDA, HIP, SYCL) 

and MPI
◦ Provides limited facilities for data manipulation and I/O

Integrates with the Python Tensor Toolbox (pyttb)
◦ GenTen decomposition routines accept pyttb tensors as input and return pyttb 

decomposition results
◦ Supports passing data back and forth without copies on the CPU
◦ Tensor data copied from host to device and results back from device to host for GPU
◦ In the future, pyttb decomposition routines may call pygenten if  it is available

Expect pygenten+pyttb to be the primary user-interface for GenTen going forward
◦ Expect to integrate with pytorch in the future as well to support AI use-cases
◦ Can also call python code for objective function in, e.g., goal-oriented CP decomposition

Available on pypi.org and installable through pip:  “pip install pygenten” 
◦ Pre-compiled binary wheels for Intel CPU + OpenMP builds (currently linux only)
◦ Source build for any other configuration, e.g., for a CUDA+MPI build on V100:

pip install --no-binary pygenten                        \
  --config-settings=cmake.define.PYGENTEN_CUDA=ON       \
  --config-settings=cmake.define.Kokkos_ARCH_VOLTA70=ON \
  --config-settings=cmake.define.PYGENTEN_MPI=ON        \
  pygenten 

21

https://pypi.org/project/pygenten/ 

https://github.com/sandialabs/pyttb
https://pypi.org/project/pygenten/
https://pypi.org/project/pygenten/


Long-Term Vision

GenTen is a powerful tool for analysis of  high-dimensional data
◦ Derives a lot of  capability from Trilinos

Offline data analysis 
◦ Matlab and Python tensor toolboxes provide powerful data analysis tools in friendly, high-productivity environments
◦ GenTen integration with these toolkits enable efficient and scalable data analysis
◦ Work needed on integration with DL frameworks (e.g., pytorch), documentation, porting to Windows, and providing pre-compiled builds (especially 

GPU builds)

In situ reduction/analysis
◦ Integration of  GenTen into application codes as a library
◦ Decomposition/reduction of  data as it is generated (e.g., each time step) via streaming algorithms
◦ Goal-oriented approaches to target application-specific QoIs
◦ Work needed on in situ APIs, file support for compressed tensor formats (e.g., exodus), analysis/viz of  compressed tensor data (e.g., paraview)

Trilinos packages play critical roles:
◦ Kokkos/Kokkos-kernels for performance portability
◦ Tpetra for distributed parallelism
◦ ROL for scalable, efficient optimization methods
◦ Sacado for goal gradients/hessian-vector products
◦ SEACAS/IOSS for in situ APIs and compressed tensor I/O

Trilinos build system continues to be a stumbling block
◦ I refuse to have a mandatory dependency on Trilinos as a TPL
◦ Need to be able to snapshot and build individual Trilinos packages

22



For More Information

Tensors and tensor decompositions:
◦ Kolda and Bader, Tensor Decompositions and Applications, SIAM 

SIREV, 2009.  
◦ Ballard and Kolda, Tensor Decompositions for Data Science, Cambridge 

University Press, 2024.

Software:
◦ GenTen:  https://github.com/sandialabs/GenTen
◦ Python Tensor Toolbox:  https://github.com/sandialabs/pyttb 
◦ Matlab Tensor Toolbox:  https://www.tensortoolbox.org/

GenTen papers:
◦ Phipps, Johnson, Kolda, Streaming Generalized Canonical Polyadic 

Tensor Decompositions, in PASC’23, 2023.
◦ Lewis and Phipps, Low-Communication Asynchronous Distributed 

Generalized Canonical Polyadic Tensor Decomposition in HPEC, 2021.
◦ Phipps and Kolda, Software for Sparse Tensor Decomposition on 

Emerging Computing Architectures, SIAM SISC, 2019.
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Backup Slides
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Chemometrics: Amino Acid Example*

• Mixtures containing different amounts of amino acids
• Tryptophan, Tyrosine, Phenylalanine

• Fluorescence spectroscopy
• sample X emission wavelength X excitation wavelength (5 X 61 X 201) 

• Question: Can we recover the spectra of the analytes in the samples?

25

*Rasmus Bro, PARAFAC: Tutorial and applications, Chemometrics and Intelligent Laboratory Systems, 1997.

https://www.sciencedirect.com/science/article/pii/S0169743997000324


Amino Acid Example: Rank-3 Decomposition Results (Gaussian Loss)26

sample emission wavelength excitation wavelength

Tryptophan

Tyrosine

Phenylalanine



Amino Acid Example: More Samples, More Mixture Variation27



GenTen Command-Line Application28



Python Interoperability29

pyttb+pygenten equivalent to 
https://www.tensortoolbox.org/cp_als_doc.html 

https://www.tensortoolbox.org/cp_als_doc.html


Chicago Crime Data

4-way count tensor
◦ 6,186 Days
◦ 24 Hours of  the Day
◦ 77 Community Areas
◦ 32 Crime Types

Non-zeros: 5,330,673
◦ 0.21GB for sparse tensor

Distribution of  entries
◦ 0: 98.54%
◦ 1: 1.33% 
◦ ≥ 2: 0.12%

Obtained from FROSTT 
(http://frostt.io/tensors/chicago-crime/)
Data originally from Chicago Data Portal 
(https://data.cityofchicago.org/Public-
Safety/Crimes-2001-to-present/ijzp-q8t2) 

30

Bernoulli Loss
Rank = 10

 Samples 𝑠 = 6,319

http://frostt.io/tensors/chicago-crime/
https://data.cityofchicago.org/Public-Safety/Crimes-2001-to-present/ijzp-q8t2
https://data.cityofchicago.org/Public-Safety/Crimes-2001-to-present/ijzp-q8t2


GCP Decomposition of Sparse Crime Binary Tensor
(Bernoulli Loss)

31



Component #132



Component #333



Component #634



NYC Taxi Dataset – 4-way Tensor35

• Data from NYC public records 
https://www1.nyc.gov/site/tlc/about/tlc-trip-
record-data.page

• 10+ Years of Data

• 4-way Tensor, Updated Daily
– Pickup Zone
– Dropoff Zone
– Pickup Hour
– New 3-way sparse tensor each day

• 265 Taxi Zones
https://catalog.data.gov/dataset/nyc-taxi-zones
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https://www1.nyc.gov/site/tlc/about/tlc-trip-record-data.page
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Component #1 (of 50) – Standard Mid-morning Weekday Traffic36



Component #21 (of 50): Weekend Nightlife37



Component #17 (of 50): Travel to JFK and La Guardia Airports38



Component #20 (of 50): School Morning Dropoff39



Component #4 (of 50): Morning Commute to Rockefeller Center40



Low-Rank Decompositions: Two Points of View41

Low-Rank Matrix Decompositions

Viewpoint 1: Sum of vector outer products, 
useful for interpretation

Viewpoint 2: High-variance subspaces, 
useful for compression

Singular value decomposition (SVD), 
eigendecomposition (EVD), nonnegative matrix 

factorization (NMF), etc. 

CP Model: Sum of 𝑑-way vector outer 
products, useful for interpretation

Canonical Polyadic, CANDECOMP, PARAFAC, CP

Other models for compression include hierarchical 
Tucker, tensor train, tensor ring, tensor network, etc.

Tucker Model: Project onto high-variance 
subspaces to reduce dimensionality

HO-SVD, Best Rank-(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒅)	decomposition

Low-Rank Tensor Decompositions

Kolda and Bader (2009), Tensor Decompositions and Applications, https://doi.org/10.1137/07070111X

https://doi.org/10.1137/07070111X


Why Not Just Use SVD/PCA?

Any tensor can be converted to a matrix (called matricization).

SVD/PCA gives us a low-rank model that:
◦ Is easy to compute
◦ Gives us known, exact truncation error
◦ Is optimal

So why do tensor decomposition?  Greater compression.
◦ Consider a 𝑁!×𝑁"×𝑁#×𝑁$×𝑁% tensor
◦ Typical approach to PCA is to compute truncated SVD of  
𝑁!𝑁"𝑁#𝑁$×𝑁% matrix, resulting in a low-rank model of  size 
𝑅&'(𝑁!𝑁"𝑁#𝑁$

◦ CP decomposition:  𝑅'& 𝑁! +𝑁" +𝑁# + 𝑁$ + 𝑁%
◦ Tucker decomposition: 𝑅!𝑁! + 𝑅"𝑁" + 𝑅#𝑁# + 𝑅$𝑁$ + 𝑅%𝑁% +
𝑅!𝑅"𝑅#𝑅$𝑅%

◦ For given level of  error ranks are different though

42 3-D Island Coalescence Problem

10-1000x more compression for same level of error!



Goal-Oriented Tensor Decompositions

Penalty formulation for constrained tensor decomposition:
◦ Data tensor
◦ Error metric, e.g., 
◦ QoI/constraint functionals 𝐺) , 𝑞 = 1,… ,𝑁)
◦ Weighting coefficients 𝛼) , 𝑞 = 0,… ,𝑁)

Solution methodology:
◦ First compute unconstrained solution using, e.g., CP-ALS or ST-HOSVD (𝛼* = 1, 𝛼+, … , 𝛼,! = 0)
◦ Choose weights 𝛼) so that each objective function term is +

,!-+
 at initial guess

◦ Each term contributes equally at initial guess and initial objective function is 1.0

◦ Solve minimization problem using quasi-Newton with limited-memory BFGS Hessian approximation, using 
unconstrained solution as initial guess

◦ Implemented using Matlab Tensor Toolbox with L-BFGS-B code by S. Becker
◦ Hand-coded gradients (can also us Matlab’s automatic differentiation tools in the Deep Learning Toolbox)

43
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Plasma Physics Example:  2-D Tearing Sheet Instability
Compressible Visco-resistive MHD:

◦ SNL Drekar (Shadid et al):

Dense data tensor:
◦ 401 x 201 x 12 x 501
◦ 2-D cartesian spatial domain (401 x 201)
◦ 12 variables
◦ 501 time steps

Several important QoIs:
◦ Momentum:

◦ Energy:

44
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TOKAMAK FUSION REACTOR DESIGN AND DISRUPTION MITIGATION

• Develop and evaluate plasma physics models and 
scalable solution methods to understand disruption 
physics and explore mitigation strategies to avoid 
damage to tokamak fusion reactors. [1]

• 2D simulation data in Drekar, a finite element code 
for magnetohydrodynamics (MHD) [2]
• 101 x 51 spatial grid
• 13 variables: magnetic field (3), density, pressure, velocity (3), 

momentum (3), temperature, constraint Lagrange multiplier
• 410 time steps
• Data:  101 x 51 x 13 x 410 (! x " x #$%&$'() x *&+)) tensor

5

[1] U.S. Department of Energy, Tokamak Disruption Simulation (TDS) SciDAC Center, https://tds-scidac.github.io/.
[2] Shadid, et al., Scalable Implicit Incompressible Resistive MHD with Stabilized FE and Fully-coupled Newton-Krylov-AMG, Comput. Methods Appl. Mech. Engrg. 304, 1-25, 2016.

Compressible Visco-resistive MHD Equations

International Thermonuclear Experimental 
Reactor (ITER) [under construction, France]

Problem: Compress data while 
capturing plasma physics dynamics



2-D “Tearing Sheet” CP Decomposition:  Momentum QoI45

Rank = 15, initial fit = 0.9996, final fit = 0.9996
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2-D “Tearing Sheet” CP Decomposition:  Energy QoIs46

Not including total energy QoI in objective function for efficiency but is still improved

Rank = 15, initial fit = 0.9996, final fit = 0.9996
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2-D “Tearing Sheet” CP Decomposition: Compression Ratios47
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Streaming Tensor Decompositions

Desire algorithms that can compute GCP decompositions as data streams in

Many formulations of  this problem and assumptions on the type of  data and processes generating it

Assumptions in this work:
◦ Updates are processed in discrete batches indexed by time 𝑡 = 1,2, …
◦ A complete d-way tensor is observed at each time step
◦ The dimensions of  each update are fixed throughout time
◦ The CP rank is known and fixed
◦ The number of  time steps is unbounded (infinite streaming)

Requires algorithm that can incrementally update the decomposition without revisiting old data

Development of  streaming variant of  GCP inspired by three prior works (for Gaussian loss):
◦ Online SGD [Mardani et al, 2015] – gradient descent updates for factor matrices
◦ CP-Stream [Smith et al, 2018] – approximating old data by factor matrices from prior step

Honorable mention:
◦ OnlineCP [Zhou et al] – very fast method for incorporating prior time steps (but specific to Gaussian)
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Two step solution process:
◦ Solve for temporal weights	𝒘()) with factor matrices	𝑨, 𝑩, 𝑪	held fixed using GCP-SGD
◦ Solve for updated factor matrices	𝑨, 𝑩, 𝑪 using GCP-SGD

*Phipps, Johnson, Kolda, Streaming Generalized Canonical Polyadic Tensor Decompositions, In PASC’23, 2023.

https://dl.acm.org/doi/10.1145/3592979.3593405
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Figure 1: Results of the synthetic Gaussian and Poisson experiments as well as Chicago Crime with Bernoulli loss and ArXiv
Abstracts with Poisson loss experiments showing comparable performance between OnlineGCP and appropriate methods
including static GCP, Online SGD, OnlineCP, static CP-ALS and static CP-APR. Note, to make the Chicago Crime plot more
legible, the maximum loss over 10 consecutive days is displayed.
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NYC Taxicab

Four-way tensor of  counts of  taxi rides in NYC in 2018
◦ Pickup zone (263)
◦ Dropoff  zone (263)
◦ Pickup hour (24)
◦ Day (265)
◦ 3.8% sparsity

Three-way tensor of  counts of  words in abstracts published on arxiv.org
◦ Category (172)
◦ Word (24558)
◦ Month since 10 years after first abstract (300)
◦ 2.4% sparsity



Performance Portability with Kokkos*

CPU:
◦ Dual-socket Intel Xeon Platinum 8260, 24 cores/socket
◦ OpenMP Kokkos backend

GPU:
◦ NVIDIA Volta V100
◦ CUDA Kokkos backend

First (and I believe only), performance-portable streaming CP decomposition tool!
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Figure 2: Running times in seconds of the streaming and static GCP methods showing comparable, and often substantially
reduced, times on both CPU and GPU architectures for OnlineGCP compared to static GCP.

gradient descent as an optimization strategy, so future work will
involve investigation of alternative solution strategies that rely on
fewer hyperparameters and are more robust to their values.
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Figure 1: Results of the synthetic Gaussian and Poisson experiments as well as Chicago Crime with Bernoulli loss and ArXiv
Abstracts with Poisson loss experiments showing comparable performance between OnlineGCP and appropriate methods
including static GCP, Online SGD, OnlineCP, static CP-ALS and static CP-APR. Note, to make the Chicago Crime plot more
legible, the maximum loss over 10 consecutive days is displayed.

the Kokkos OpenMP backend running with 48 threads, and for the
GPU experiments we use the Kokkos CUDA backend. We see the
OnlineGCP method provides comparable performance, and often
substantially better performance, as the static GCP method while
providing similar accuracy.

7 CONCLUSIONS
In this work, we developed a method called OnlineGCP for e�-
ciently computing GCP decompositions of streaming tensor data.
Themethod extends prior work in the literature on streaming CP de-
compositions to the GCP case allowing for arbitrary objective/loss
functions de�ning the CP optimization problem. Similar to other
streaming CP methods, the approach incrementally updates the
temporal weights and CP model factors as each new tensor slice

is observed without revisiting prior data. It includes a tunable his-
tory term to balance reconstruction of new and old tensor data,
and employs stochastic gradient descent solvers enabling scalabil-
ity to large, sparse tensors. The e�ectiveness of the approach was
demonstrated on several synthetic and real datasets incorporating
Gaussian, Poisson, and Bernoulli loss functions, where compara-
ble losses were observed compared to other streaming and static
methods appropriate for the chosen form of loss.

While the approach was shown to be e�ective and scalable, it
relies on expert choice of numerous hyperparameters that can
dramatically a�ect accuracy and computational cost. Unfortunately,
our experience has shown these parameters must be empirically
chosen on a case-by-case basis. The sensitivity of the method to
these hyperparameters primarily derives from its use of stochastic

Gaussian 300x300x200, dense, R=20 Poisson 300x300x200, 3.2% sparsity, R=20

Local Normalized Loss:

Global Normalized Loss:
<latexit sha1_base64="xeZ2IiwkcBDIDjz14cBrohGSgGA="></latexit>

Fglobal(X
(t), M̃

(t)
) =

1

kX(t)k2F

X

i2I
f (x (t)i , m̃(t)

i ), ; M̃
(t)

= Jw (t);A(T )
1 , . . . ,A(T )

d K

<latexit sha1_base64="n+8tQbkaPiK+bGJMmChdhvL9ugI="></latexit>

Flocal(X
(t),M(t)) =

1

kX(t)k2F

X

i2I
f (x (t)i ,m(t)

i ), ; M(t) = Jw (t);A(t)
1 , . . . ,A(t)

d K



Real Data Experiments (Bernoulli)55

PASC ’23, June 26–28, 2023, Davos, Switzerland Eric T. Phipps, Nicholas T. Johnson, and Tamara G. Kolda

3.7
3.8
3.9
4.0

⇥10�2 Local Normalized Loss

3.8

3.9

4.0
⇥10�2 Global Normalized Loss

0 20 40 60 80 100 120 140 160 180 200

0.7
0.8
0.9
1.0

slice

K-tensor Score

OnlineGCP OnlineCP Online SGD GCP (static) CP-ALS (static) True

(a) Synthetic Gaussian

0.5

1.0

Local Normalized Loss

0.5

1.0

1.5
Global Normalized Loss

0 20 40 60 80 100 120 140 160 180 200
0.75
0.80
0.85

slice

K-tensor Score

OnlineGCP GCP (static) CP-APR (static) True

(b) Synthetic Poisson

�5.0

0.0

5.0
⇥10�2 Local Normalized Loss

0 50 100 150 200 250 300 350

�5.0

0.0

5.0
⇥10�2

days

Global Normalized Loss

OnlineGCP GCP (static) CP-APR (static)

(c) NYC Taxicab (Poisson)

3.5

4.0

4.5

Local Normalized Loss

0 1,000 2,000 3,000 4,000 5,000

3.5

4.0

4.5

days

Global Normalized Loss

OnlineGCP GCP (static)

(d) Chicago Crime (Bernoulli)

�0.1

0.0

0.1

0.1

Local Normalized Loss

0 50 100 150 200 250 300

0.0

0.1

0.1

months

Global Normalized Loss

OnlineGCP GCP (static) CP-APR (static)

(e) ArXiv Abstracts (Poisson)

Figure 1: Results of the synthetic Gaussian and Poisson experiments as well as Chicago Crime with Bernoulli loss and ArXiv
Abstracts with Poisson loss experiments showing comparable performance between OnlineGCP and appropriate methods
including static GCP, Online SGD, OnlineCP, static CP-ALS and static CP-APR. Note, to make the Chicago Crime plot more
legible, the maximum loss over 10 consecutive days is displayed.

Chicago Crime

Four-way tensor of  counts of  crimes in the city of  Chicago
◦ Hour of  the day (24)
◦ Crime type (77)
◦ Neighborhood (32)
◦ Day since start date (5687)
◦ 1.6% sparsity
◦ Most counts are just 1, so use Bernoulli instead of  Poisson



Statistical Opportunities for Locality in Tensor Computations (Solstice)

DOD SPP, ~$540K/yr dropping to ~300K/yr FY24-
◦ Started in FY19 as follow-on funding from GCP LDRD, originally led by Tammy 

Kolda
◦ Collaboration with Prof. Rich Vuduc at Georgia Tech and many SNL contributors

Motivation
◦ Acquisition of  tensor data of  interest to sponsor has geographic scope from a 

variety of  sensors

Approach
◦ GCP decompositions exploiting asynchronous parallelism 
◦ Randomized and streaming algorithms
◦ HPC algorithm development and software delivery

Potential Impact
◦ Real-time analysis of  geographically distributed data

Accomplishments
◦ Developed federated learning algorithm for GCP decompositions capable of  

leveraging both synchronous and asynchronous distributed parallelism1

◦ Developed streaming GCP decomposition algorithm that can produce GCP 
factors with a single pass over the data (suitable for real-time computation)2

◦ Developed GCP decomposition approaches in the Chapel programming 
environment important to the sponsor
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1Lewis and Phipps, Low-Communication Asynchronous Distributed Generalized Canonical Polyadic Tensor Decomposition in Proceedings of HPEC, 2021.
2Phipps, Johnson, Kolda, Streaming Generalized Canonical Polyadic Tensor Decompositions, in Proceedings of PASC, 2023.

Top:  Diagram depicting 
conceptual framework for 
geographically distributed tensor 
decomposition.  Right:  Time-to-
solution for GCP decomposition 
of a cyber security-related data 
set on 640 cores, comparing 
synchronous stochastic gradient 
descent (SGD) and 
asynchronous federated learning 
(FedOpt), demonstrating > 6x 
speedup.

https://ieeexplore.ieee.org/document/9622844
https://doi.org/10.1145/3592979.3593405


Python Interoperability

GenTen provides python wrappers through pybind11 called pygenten
◦ GenTen tensor classes and decomposition routines callable from within python
◦ Thanks to Kim Liegeois for prototyping this capability!
◦ Works with all Kokkos backends supported by GenTen (OpenMP, CUDA, HIP, SYCL) 

and MPI
◦ Provides limited facilities for data manipulation and I/O

Integrates with the Python Tensor Toolbox (pyttb)
◦ GenTen decomposition routines accept pyttb tensors as input and return pyttb 

decomposition results
◦ Supports passing data back and forth without copies on the CPU
◦ Tensor data copied from host to device and results back from device to host for GPU
◦ In the future, pyttb decomposition routines may call pygenten if  it is available

Expect pygenten+pyttb to be the primary user-interface for GenTen going forward
◦ Expect to integrate with pytorch in the future as well to support AI use-cases
◦ Can also call python code for objective function in, e.g., goal-oriented CP decomposition

Available on pypi.org and installable through pip:  “pip install pygenten” 
◦ Pre-compiled binary wheels for Intel CPU + OpenMP builds (currently linux only)
◦ Source build for any other configuration, e.g., for a CUDA+MPI build on V100:

pip install --no-binary pygenten                        \
  --config-settings=cmake.define.PYGENTEN_CUDA=ON       \
  --config-settings=cmake.define.Kokkos_ARCH_VOLTA70=ON \
  --config-settings=cmake.define.PYGENTEN_MPI=ON        \
  pygenten 
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https://github.com/sandialabs/pyttb
https://pypi.org/project/pygenten/

