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What is circuit simulation?3

Analog circuit simulation provides tradeoff between fidelity and speed
• Models network(s) of devices coupled via Kirchoff’s current and voltage laws

• SPICE[2] is the defacto industry standard for analog circuit simulation

Definition:  A technique for checking and verifying the design of electrical and electronic 

circuits and systems prior to manufacture and deployment[1]

[1] Najm, F. N. Circuit Simulation. John Wiley & Sons, Inc., 2010.
[2] Nagel, Laurence W. SPICE2: A Computer Program to Simulate Semiconductor Circuits, 
California Univ Berkeley Electronics Research Lab, 1975.



Motivation for Xyce4

Xyce provides a capability to analyze general network systems and has been 

integral to modeling and simulating Sandia’s Complementary Metal-Oxide-

Semiconductor (CMOS) circuit designs, as well as:

• Biological networks

• Neural networks

• Power grids

Single code base that efficiently and seamlessly simulates systems that can 

have a wide range of dynamics, topological complexity, and size (10-107)

• Provides support for both serial and distributed-memory parallel builds

• Open source, GPLv3, see https://xyce.sandia.gov or https://github.com/xyce

https://xyce.sandia.gov/
https://github.com/xyce


A high-level view of the Xyce simulation flow5

Parsing
• Convert netlist file syntax to equivalent devices and 

network/circuit connectivity
• Distribute devices over multiple processors
• Determine global ordering and communication

Device Evaluation
• Loop through all devices for state evaluation and matrix 

loading

Linear Solve
• Sparse linear algebra and solvers used to solve linearized 

system

Advanced Analysis Methods
• Sampling:  Monte Carlo / LHS (DAKOTA),
• Sensitivity:  PCE (Stokhos)
• Optimization:  ROL



Challenges for the Xyce simulation flow6

Computational load balancing
• For smaller circuits, performing the device evaluations 

dominates the total simulation time

• For larger circuits, solving the linear system of equations 
dominates the total simulation time

• A redistribution layer is employed for parallel execution to 
enable separate load balancing strategies



Challenges for the Xyce simulation flow7

Hierarchical connectivity:
• Analog circuit simulation often generates graph structures 

that are hierarchical when compared to the spatial topology 
of PDEs

• High-connectivity nodes result in high communication in 
parallel execution, so removing them is beneficial

• Linear systems are predominately non-Hermitian and very 
sparse.  Iterative solvers provide scalability, but direct solvers 
provide robustness
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Fig. 1. Organization of the Trilinos library into five product areas and their packages: Product areas are
labeled in bold font with their respective packages. Snapsho!ed packages described in this paper are marked
by dashed boxes.

multithreaded or performance portable node-level preconditioners to scalable multilevel domain de-
composition or multigrid preconditioners. The preconditioners and solvers use the data abstractions
from the core packages. Section 3 provides a detailed description of these features.

Nonlinear Solvers and Analysis Tools. These packages provide high-level algorithms for computa-
tional simulations and design. Capabilities include solvers for nonlinear equations, parameter con-
tinuation, bifurcation tracking, optimization, and uncertainty quanti!cation. Trilinos also provides
lower-level utility packages to evaluate quantities of interest required by the analysis algorithms.
Capabilities include automatic di"erentiation technology to evaluate derivatives and embedded
ensemble propagation for uncertainty quanti!cation. These packages and their capabilities will be
discussed further in Section 4.

Discretization Tools. This collection of packages provides functionality for the discretization of
di"erential equations. In particular, it supports mesh-free and mesh-based spatial discretizations,
with a focus on high-order !nite elements, and time integration. Discretization tools also include
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Tpetra Transition Effort 

Initially (circa 1999), Xyce was one of the first application codes at Sandia to fully 
integrate the Trilinos solver stack, which influenced its design:
• In general, Xyce abstract interfaces look a lot like Epetra

• Rampant use of raw pointers, followed by an inelegant use of smart pointers

• Direct access to matrix/vector memory in device models

• Ubiquitous use of copy semantics, instead of view, for map/graph objects, for example:

epetraGraph_ = Teuchos::rcp( new Epetra_CrsGraph( Copy, *epetraMap, numIndicesPerRow.data() ) );

• Unnecessarily leverages dynamic creation of graph/matrix objects

• Relies on supporting tools provided by EpetraExt
• Singleton filtering

• Partitioning interfaces

• Remapping utilities



Tpetra Transition Effort 

As Xyce was transitioning to Tpetra there were some helpful things:
• Many of the linear algebra classes have included Epetra-esque interfaces. 

As well as some unexpected challenges:
• The need to integrate resumeFill()into matrix loading, particularly in cases when matrix 

loading is a multi-stage process 

• Obtaining a pointer to underlying memory to pass to the device models required interacting 
with Kokkos objects, often disguised by a typedef  

• Some capabilities required by block analysis methods may not be compatible with 

     Tpetra design 

• Non-member helper functions were introduced to provide “all-in-one” methods to

     create new objects by import/export data, but the results were mixed



• Custom approaches for linear solvers have been necessary to achieve 
scalable performance for analog simulation

• For small scale circuits, the Dulmage-Mendelsohn permutation (BTF) 
     was leveraged in the KLU sparse direct solver [Tim Davis (UF, Texas A&M)]

• BTF structure was leveraged to create a new preconditioned iterative method
•     Great for (older) CMOS memory circuits
•     Circuits with parasitics are more challenging

Trilinos supports linear solver development for Xyce

Preconditioning
Method

Residual GMRES 
Iters

Solver 
Time (s.)

Local AMD
ILUT

ParMETIS

3.43e-01
(FAIL)

500 302.573

BTF
Block Jacobi
Hypergraph

3.47e-10 3 0.139



Trilinos-Amesos2:  Basic sparse LU factorization with row-pivoting

Templated on a scalar type, BASKER_ScalarTraits<>
• Default / Copy constructor
• Arithmetic operators:  +,-,*,/
• Relational/comparison operators: ==, !=, >, <
• Multiple linear algebra (Epetra, Tpetra) adapters exist in Amesos2

Multi-threaded version (ShyLU-Basker)[3]:
• Parallelizes the Gilbert-Peierls algorithm 
• Uses hierarchical data layouts to expose fine-grain parallelism 
   and map to memory structure of most-many core systems
• Block triangular form (BTF) to compute coarse structure
• Nested Dissection (ND) to expose parallelism for large 
   diagonal blocks (ex. D2)

• Improves transient performance in Xyce for small to medium sized circuits

problems the use of BLAS is limited leading to a serial
bottleneck in the separators. Due to this observation, Basker

uses a variety of reordering methods, such as BTF and ND,
to derive a hierarchy of two-dimensional sparse blocks. This
reordering allows Basker to fit the irregular nonzero pattern
into a hierarchy of blocks that fit the memory structure of
modern nodes and allow an algorithm that can utilize the 2D
layouts (called 2D algorithm). 2D algorithms break columns
into multiple submatrices (e.g., See Figures 2,3(a)) allowing
for multiple threads to work on a column that would have been
serial in a nonsupernodal method or efficiently use multiple
calls of serial BLAS.

In this work, we will focus on two levels of structures, i.e.,
BTF and ND. We leave the third level (supernodes) within
the 2D blocks for future extensions. BTF provides both the
coarse structure for the whole matrix, and the fine structure
for a collection of submatrices. ND provides the fine structure
for very large submatrices from BTF. The fine structure of ND
is used to arrive at a parallel 2D Gilbert-Peierls algorithm.

The notation used in this section is as follows. A submatrix
is given as Aij , where i and j are the indices in the row and
column in the two-dimensional block structure. The nonzero
pattern of a column (c) in a submatrix Aij is given as Aij(c).
We use C++ notation for comments in the algorithms.

(a) (b)

Fig. 1. (a) One-dimensional layout of an ND-structure/binary etree
structure. The block [A17A77] limits performance. The coloring provides one
assignment of threads to computation. (b) Dependency tree of one-dimensional
layout. Note the large top level nodes that must be factored by one thread.

A. Coarse Block Triangular Structure

Basker uses block triangular form (BTF) on the input matrix
to compute a coarse structure. It permutes the matrix based on
an ordering found from MWCM (Pm1) to ensure a non-zero
diagonal with large entries. A strongly connected components
algorithm is used next to reorder the matrix (Pc) such that each
component corresponds to a block diagonal. The reordered
matrix, i.e., PcPm1APc, produces a structure similar to that
in Figure 2(a). This form is common to matrices from several
domains, and is well studied [14]. Any of the large diagonal
blocks may or may not exist for a particular matrix.

In Figure 2(a), a two-dimensional structure with three
diagonal blocks is shown. As the multiple tiny subblocks in
D1 and D3 provide enough natural parallelism (for factoring
each block), Basker uses this ordering derived from BTF as
their second level structure as well. The submatrices from
this second level structure are handled using a Fine Block

(a) (b)

Fig. 2. (a) Coarse structure, BTF (PcPmAP T
c ). The first level allows

Basker to reduce factorization work by only factoring the diagonal blocks.
(b) Representation of fine BTF structure, i.e., D1 and D3. Coloring of the
blocks suggest one possible mapping of thread and blocks.

Triangular Structure based method. In contrast, D2 is very
large without an opportunity to expose parallelism. We will
use ND to reorder D2 further and use Fine Nested-Dissection

Structure based method.

B. Fine Block Triangular Structure

A typical representation of fine BTF structure, such as D1

and D3, is given in Figure 2(b). The substructure is easily
dealt with as the subblocks are independent of each other.
Therefore, the sparsity pattern and factorization of each sub-
block (Aii) can be computed concurrently. A two-dimensional
sparse block structure is used here. The off-diagonal blocks
are “partitioned” in a manner to help the sparse matrix-vector
multiplication when solving for a given right-hand side vector.
They could further be split, however they tend to be very
sparse as they retain the original nonzero pattern.
Parallel Symbolic Factorization. The symbolic factorization
algorithm for the fine BTF block is shown in Algorithm 2. It
is embarrassingly parallel over the blocks. We reorder each
diagonal submatrix using AMD (Line 2) for fill-reduction.
Next, we find the number of nonzeros of each column and
estimate the number of floating-point operations required to
factor (Line 3). Using the number of floating-point operations,
Basker assigns the submatrices among the threads and memory
for LU factors can be allocated. The colors in Figure 2(b)
provides one such assignment for four threads.

Algorithm 2 Fine BTF Symbolic Factorization
1: for all subblocks on diagonal (Aii) IN PARALLEL do

2: Compute AMD order on Aii ! Pamd
3: Compute column count and number of operations of PamdAiiP T

amd
4: end for

5: Partition subblocks equally among p threads based on number of
operations

6: for all p threads do

7: Initialize LU structure
8: end for

Parallel Numeric Factorization. After symbolic factoriza-
tion, the numeric factorization uses the same thread mapping
to submatrices to call sparse LU factorization using Gilbert-
Peierls algorithm. The algorithm is not shown as it is a simple
parallel-for loop over the diagonal submatrices.

[3] “Basker: A Threaded Sparse LU Factorization Utilizing Hierarchical Parallelism and Data 
Layouts,” J. Booth, S. Rajamanickam, and H. Thornquist, 2016 IEEE IPDPSW, pp. 673-682.

Linear Solver Improvements (2016)



Recent Solver Improvements (2024)
Radiation-aware 
Xyce simulations 
of memory circuits
Integrated circuit simulation for design



Trilinos-enabled frequency-domain simulation in Xyce

Harmonic Balance analysis is a frequency-domain simulation technique used to 
efficiently calculate the steady-state response of nonlinear RF and microwave circuits

 using Fourier series expansions for !(#) and % # :

Expanding the frequency-domain equations using the discrete Fourier transform 
matrices, '	and '!"

  

Theory

A circuit can be described by a DAE system:

dq(x)

dt
+ f(x) = b(t), (2)

where b(t) is the input signal, x(t) is a vector of circuit unknowns (node voltages
and branch currents).

We assume that both b(t) and x(t) are periodic with the period T , then we can
represent b(t) and x(t) in Fourier series:

x(t) =
1X

i=�1

Xie
ji

2⇡
T t, b(t) =

1X

i=�1

Bie
ji

2⇡
T t (3)

Since any function of a T-period signal is still periodic, we can write f(x(t)) and
q(x(t)) in Fourier series:

f(x(t)) =
1X

i=�1

Fi(Xk)e
ji

2⇡
T t (4)

q(x(t)) =
1X

i=�1

Qi(Xk)e
ji

2⇡
T t (5)

With everything in Fourier series, we can re-write 2 as

1X

i=�1

[ji
2⇡

T
Qi(Xk) + Fi(Xk) + Bi]e

ji
2⇡
T t = 0 (6)

Therefore,

ji
2⇡

T
Qi(Xk) + Fi(Xk) + Bi = 0, 8i (7)

For computation purpose, we truncate Fourier series to a finite range: [�M, ...,M ].
Then we can write 7 in a compact form:

HHB = ⌦Q(X) + F (X)� B = 0 (8)
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Evaluating HHB

Where
X = [X�M , ..., X�1, X0, X1, ..., XM ]

Q = [Q�M , ..., Q�1, Q0, Q1, ..., QM ]

F = [F�M , ..., F�1, F0, F1, ..., FM ]

B = [B�M , ..., B�1, B0, B1, ..., BM ]

⌦ =

0

B@
�Mj!0

. . .
Mj!0

1

CA ,!0 =
2⇡

T

(9)

2.2 Evaluating HHB

The evaluation of HHB boils down to evaluate Q(X) and F (X). Three steps are
involved for evaluating Q(X):

1. From X, compute x(t) (using inverse Fourier transform)

2. evaluate q(x(t))

3. From q(.), compute Q (using Fourier transform)

F (X) can be evaluated in a similar way.

For simplicity, we now assume that 2 is a scalar equation. We denote D and D�1 as
the discrete Fourier transform matrix and inverse Fourier transform, respectively.
Then above process can be written in the matrix form as:

Q(X) = D

0

B@
q(.)

. . .
q(.)

1

CAD�1X

= DQ(.)D�1X

(10)

F (X) can be written in a similar way:

F(X) = D

0

B@
f(.)

. . .
f(.)

1

CAD�1X

= DF(.)D�1X

(11)

Therefore, the residual of HB equation can be written as

HHB = ⌦DQ(.)D�1X +DF(.)D�1X � B (12)
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Implementation Issues

2.3 Evaluating Jacobian
According to 12, the Jacobian can be written as:

JHB = ⌦DCD�1 +DGD�1, (13)

where

C =

0

B@
C(t0)

. . .
C(t2M)

1

CA , C(ti) =
dq

dx
|x(ti) (14)

G =

0

B@
G(t0)

. . .
G(t2M)

1

CA , G(ti) =
df

dx
|x(ti) (15)

3 Implementation Issues

3.1 Real versus Complex
With complex Fourier series, Xyce must handle complex numbers. Complexifica-
tion of inequalities and logarithms are sometimes problematic. An advantage of
complex Fourier series is algorithmic simplicity. A disadvantage is the doubled
cost of FFTW. A disadvantage is that there are no preconditioners in Trilinos for
matrices with complex coefficients. A disadvantage is that std::complex libraries
usually are not well written, and fail rigorous testing of the floating point arithmetic.

In our implementation, we use real equivalent. All vectors, matrices and compu-
tations are in real format. We exploit the fact that all the vectors in 9 contains
conjugate pairs so we can save half of the calculations. Although the system is en-
larged by 2 times with the use of real equivalent format, the calculation cost does
not increase because we only do half of the calculations.

3.2 Assembly versus Matrix Free
In the Assembled universe, one may still use iterative methods. The HB equations
may be ordered so that the jumbo Jacobian has a block graph inherited from the
time domain Jacobian graph. A distributed implementation may take these in order.
An open problem is to find a better mapping of unknowns to processors if possible.
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With complex Fourier series, Xyce must handle complex numbers. Complexifica-
tion of inequalities and logarithms are sometimes problematic. An advantage of
complex Fourier series is algorithmic simplicity. A disadvantage is the doubled
cost of FFTW. A disadvantage is that there are no preconditioners in Trilinos for
matrices with complex coefficients. A disadvantage is that std::complex libraries
usually are not well written, and fail rigorous testing of the floating point arithmetic.

In our implementation, we use real equivalent. All vectors, matrices and compu-
tations are in real format. We exploit the fact that all the vectors in 9 contains
conjugate pairs so we can save half of the calculations. Although the system is en-
larged by 2 times with the use of real equivalent format, the calculation cost does
not increase because we only do half of the calculations.

3.2 Assembly versus Matrix Free
In the Assembled universe, one may still use iterative methods. The HB equations
may be ordered so that the jumbo Jacobian has a block graph inherited from the
time domain Jacobian graph. A distributed implementation may take these in order.
An open problem is to find a better mapping of unknowns to processors if possible.
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Harmonic Balance linear solvers for the block-structured Jacobian matrix are challenging 
to develop
• Large matrix ( n x N ) with block structure, complex-valued, dense blocks
• Iterative methods are most often used because they avoid Jacobian matrix construction
• For highly-nonlinear circuits effective preconditioners are difficult to construct
• Preconditioners for linear to mildly-nonlinear circuits have been implemented in Xyce

A direct solver was developed using the templated Basker direct solver in Amesos2
• Enables the use of “block matrices” as a scalar type
• Motivated by the Berkeley Design Automation (BDA) direct solver[4]
• New observation:  Dense blocks are created when voltage nodes are connected to nonlinear 

devices, all other nodes create diagonal blocks

Looking forward, this new solver provides a jumping off point
• Multi-threaded improvements to current Basker HB solver
• Use Basker HB solver on each node in parallel
• Algorithmic interpolation between Basker and block-Jacobi

Linear Solver Improvements (2017)

Figure 1: Sparsity structure of HB Jacobian

3.5 Finite-difference Jacobian
If the circuit is highly nonlinear then the preconditioner of

the finite difference Jacobian can be used. The form of this
preconditioner is
⎡

⎢⎢⎢⎢⎣

C(t1)
h1

+G(t1) 0 . . . 0

−C(t1)
h2

C(t2)
h2

+G(t2)

. . .

. . . 0 −C(tn−1)

hn

C(tn)
hn

+G(tn)

⎤

⎥⎥⎥⎥⎦

where hi = ti − ti−1. The limitation of this method is that it
cannot be used for harmonic balance problems with more than
one tones. Another option is to use the full finite-difference
Jacobian as a preconditioner.
⎡

⎢⎢⎢⎢⎣

C(t1)
h1

+G(t1) 0 . . . −C(tn)
h1

−C(t1)
h2

C(t2)
h2

+G(t2)

. . .

. . . 0 −C(tn−1)

hn

C(tn)
hn

+G(tn)

⎤

⎥⎥⎥⎥⎦

This works better for more nonlinear problems compared to the
preconditioner of finite-difference but is more expensive to ap-
ply since every solve with this requires another set of Krylov
subspace iterations.

3.6 Schur-complement preconditioner
This preconditioner is based on the assumption that the ma-

trix can be permuted such that the number of columns (c) con-
taining the nonlinear entries are small c ≪ n and these columns
can be permuted to the right of the matrix. The first n − c
columns are factored using a block diagonal solver, though a
rectangular LU decomposition is required. The resulting Schur
complement matrix can be factored either exactly or using in-
complete LU [11]. This preconditioner relies on the fact that
the number of columns with nonlinear elements is very small
compared to the entire circuit and also that permuting these
columns to the right of the matrix does not cause significant
fills. Both these assumptions are not generally true.

4. DIRECT METHOD FOR HB JACOBIAN
4.1 Basic procedure

Note that the structure of Jhb is similar to (4) except that it is
not block circulant as ΓCΓ−1. In this formulation, all variables
of a single harmonic are grouped together. If we apply a per-
mutation to Jhb such that all the harmonics of a single variable
are grouped together then the matrix structure will look as in
Figure 1 [5]. At the top level, the matrix has the same sparsity
structure as the transient matrix but the difference is that in the
transient matrix, each entry is a number whereas in this matrix,
each “entry” is a block matrix of size (2k + 1)× (2k + 1).

This matrix can be efficiently factored in the following man-
ner. We first form a test matrix which has the same sparsity
structure as the transient matrix and place representative en-
tries and factor it using a modern sparse LU solver. The solver,
along with factoring the matrix will determine a row and col-
umn permutation and a row and column scaling scheme which
will minimize the number of fills in factoring the test matrix.
Moreover, it will also provide the locations of the fills in the L
and U matrices.

Given this information, it is trivial to write a matrix factor
routine for Jhb as follows:

For each column j

1. identify the permuted column, perform row permutation
and row and column scaling

2. for each row i

(a) if there is a structural nonzero entry in U

Uij = Aij −
i−1∑

k=1

LikUkj if i ≤ j

(b) if there is a structural nonzero entry in L

Lij =
(
Aij −

j−1∑

k=1

LikUkj

)
Ujj

−1 if i > j

Here Aij , Uij , Lij are the dense matrices of size (2k+1)×(2k+1)
located at the (i, j)th entry of Jhb , it’s upper (U) and lower (L)
triangular factors respectively. These operations can be per-
formed very efficiently using aggressively optimized BLAS [3]
and LAPACK [1] implementations for the target CPU architec-
ture. The test matrix should be constructed so that it mimics
the properties of Jhb . For instance, if there is an entry in the
transient matrix at (i, j)th location where only C matrix entry is
present, then the corresponding block in Jhb will be ȷ2πf0ΩCi,j

which is singular. This entry should not be a choice of pivot
for the test matrix otherwise the matrix factor of Jhb will fail.
This can be avoided by introducing numerical zeroes in such
locations which will prevent these entries to be used as pivots
when factoring the test matrix.

Furthermore, these BLAS and LAPACK routines are also
available in parallel form and multi-threaded versions of these
routines can be used to further improve performance as the per-
formance of these basic routines scales almost linearly with the
number of processors. However, in this paper all the results
are reported with the sequential implementations of BLAS and
LAPACK since we are comparing performance with sequential
implementation of preconditioners in Krylov subspace methods.

4.2 Complexity analysis
We now calculate the storage and computational complexity

of direct solve and compare it with iterative solvers. Note that
Jhb need not be constructed explicitly and only the factors L and
U are required. During the factorization, the block matrices of
Jhb can be constructed on the fly and each block is only needed
once. Therefore the storage requirement of the direct solver is

(nnzl + nnzu)(2k + 1)2

where nnzu and nnzl are the nonzeroes in U and L respectively.
For preconditioned Krylov subspace methods, typically C and
G matrices are stored in time domain for efficient matrix vec-
tor multiplication with Jhb and the storage requirement is 2nnt

where nt is the number of time points. For multitone problems
the artificial frequency map can result in large nt. However, for
the direct solver, the storage requirement is quadratic in k and
therefore can be quite steep for multitone problems.

The computation complexity of the direct solver is

O
(
(nnzlαl + nnzuαu) (2k + 1)3

)

where αl,αu > 1 but are close to 1. The complexity of a Krylov
subspace based method is somewhat less straight-forward to ex-
press. If a Krylov subspace method converges in l iterations,
then the complexity of HB matrix vector multiply is

lO ((nnzc + nnzg)(2k + 1) log(2k + 1))

where nnzc and nnzg are the number of nonzeroes in C and G
respectively. For an Arnoldi based Krylov subspace method such
as GMRES [16] (preferred over Lanczos based methods such as

372

[4] “A robust and efficient harmonic balance (HB) using direct solution of HB Jacobian,” 
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